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Axisymmetric Vibration of Circular
Sandwich Plates

~ SHAUKAT MIRZA* AND ANAND V. SINGH?
Upniversity of Ottawa, Ottawa, Ontario, Canada

Nomenclature
p,p. = mass density of the face and core materials, respectively
G, G, = modulus of rigidity of the face sheet and core, respectively
E,v = modulus of elasticity and Poisson’s ratio of the face sheet
h,2¢ = thickness of face sheet and core, respectively

= radial displacement of midsurface of face sheet

= displacement in transverse direction

= rotation of the normal to the middile surface of the face sheet
in the radial direction

= radius of the sandwich plate

= radial polar coordinate

= circular frequency of the sandwich plate

= time

= partial differentiation of u with respect to r

= 3%/8x? +(1/x)8/0x
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Introduction

LEXURAL vibration of circular homogeneous plates based

on classical theory has been studied quite extensively and
well documented.>” The effect of rotary inertia and shear
deformation has been considered in homogeneous plates.!** The
problem of vibration of rectangular sandwich plates including the
effect of rotary inertia and shear deformation has also been
discussed by Yu.>¢

The purpose of this Note is twofold: to discuss vibration of
sandwich circular plates which is not available in literature
and to simplify greatly the governing differential equations to a
form from which the solution can be conveniently obtained.
The latter is achieved by the introduction of two functions
defined by Eq. (5).

In this Note, axisymmetric vibration of three-layered circular
plates is investigated. The two face sheets are assumed to be
made of same isotropic material with equal thickness and the
thick core layer is a low density, low strength material such as
aluminum honeycomb. The face sheets are assumed to take
bending and because of the nature of the type of core material
considered in this paper, the face parallel stresses in the core
are neglected. The core is perfectly bonded to the two face
sheets and is assumed to be incompressible in the transverse
direction z. The differential equations are general in nature as they
include the effects of rotary inertia and transverse shear.

The numerical results presented at the end are for a clamped
circular sandwich plate and show the effects of variation of ¢/a
and h/a on the frequency o for three modes. A graph showing
modal shapes is also included.

Basic Equations

Energy technique similar to that employed for elastic shells,*
has been used to obtain the differential equations. The face sheets
are capable of taking bending stresses whereas the thick central
core takes only the transverse shear. The distribution of radial
displacement along the thicknessis shown in Fig. 1. The variation
technique is used on the energy expression for the plate element.
The equations of motion (1) are obtained by the variation of
parametersu, w,and f8, and the stress-resultants and displacement
relations (2) are achieved by the variation of N,, N, Q,,, etc.

The equations of motion for the axisymmetric vibration of
circular sandwich plate are given as
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Nr,r+(Nr— Noir—0,,/2c = ph(syu,,+ 83, )
(@, +Q1/2), +(Q,+Q,e/2)/r = phsywy, t)]
M,,+(M,—Mg)/r—0Q,+Q, hf4c =

pha[szu,,+ le(hz/az)slaﬁr,n]
The stress-resuitants and displacement relationships are
N, = K(u,,+vu/r), Ny= K(u/r+vu,)
M, = D(B,,+vB./r). Mg=D(B/r+vpB,,)
Q, = S5K1=v)[a (W, +B,) +as(w, +u/c— B, h/2)]
Q,. = §K(1—v)[aa(w,, +B) + oy (w., +u/c—B,h/20)]

In the preceding equations (1) and (2), various symbols used
are defined as follows:

@

sy =1+r,1, s;=1+r1,1/3 s53=—r,[(c/a)f6
K = Ehj(1—v?), D= Eh3/[12(1—v?)]
ay = 1+7r5/(15r5+20r,), oy = 2rgr,/(15r;+20r,) 3)

oy = rery(15rg+24r,)/(15r;+20r,)
r,=pJp, 16=GJG, r,=c/h

For normal modes of vibration, the three displacement and
slope variables are written as

u = exp(iot)U
ap, = expliot)V @
w=exp(iw)W; i=(—1"*
In order to solve the differential equations of motion (1), new

deformation functions ® and I are introduced which are given by
Eq. (5).

Q®=U,+U/x
5
I'=V, +V/x
where
x=r/a

Substitutions of Eqgs. (2, 4, 5) in Eqgs. (1) reduce the form of
equations of motion to

VW+A,W+A4,0+A4,T=0
AW, +AU+T, + A4V =0 6)
AW, 4D, + AU+ A,V =0

The coefficients 4;, used in Eqgs. (6), are given as

Ay = (12/5)(L+ V) (/o) (hfa)s, fos

Ay = (a3 +ay)(a/c)/us

Ay = [0y +oy— (a3 +aa)/2r,)/os

Ay = = 5(1=w)[o, +03— (o5 +03)/2r, J(a/h)?

As = —5(1=) (a3 = 24/2r) (@*/H20)+ 1255(1 — v?) (@]0)?

As = —5(1—-v){(u —o3/ru+aafdr?) (a/h) + ™

$,(1=v*)(w/we)*(h/a)*

I

Ay = = 5(1-v) (o5 +0,){a/c)/12
= 5(1 = v)(@/c)ota/12+ 55(1 = v?) (w/ o) (h/a)?
— 5(1=v) (03— a/27) (/)] 12+ 55(1 = v?) (/o) (h/a)?
wo? = Eh*/(pa*) and o5 =, +2a,+0a,
The system of Eqgs. (6) can be further reduced to
VW4 A, W+ 4,0+ 4, =0
ANV W+ A0+ VT +A4T =0 (8)
AVEW V2D + A0+ AT =0
The solution of the differential Egs. (8) can be expressed in terms
of Bessel functions for the sandwich plate with no hole. Thus
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Fig. 1 Variation of radial displacement along the thickness of plate o2 o4 r/a 06 08 ro

element.

In Egs. (9) /1‘,.2 (j = 1,2,3) are the roots of the characteristic
polynomial

AP +a At +aif+as =0 (10)
where
ay = AgAy+ AyAy— A, — Ag— Ag
ay = A(Ag+Ag)+ Agdg - AsAq+ AN(AsAg— AgA;) +
A(A5A5— A Ag)

ay = A (AsAg— AgAs)
Also, the quantities ¢; and #; are
&= [(A;4,— /‘19)}-,'2 +A4,45)/(— A3)‘j2 +A3A5— AyAy)
n;=[—A*+(A;+ Ag— 4,447 — A, Ag]/

(— A3A2+ Az Ag— Ay Ag)
The expressions for U and V are now obtained with the help of
Egs. (6) and (9)

(11)
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Fig. 2 Plot of nondimensional frequency w/w, vs h/a of the sandwich
plate for constant c/a values.

Fig. 3 Mode shapes for the clamped-circular sandwich plate.

ot (12)
V= Z pj Wx

Here, Z; and p; are given as
Zj=(Aonj—Ael;+ AyAg— AgA)(AeAg — A5 Ag)
p;= (Asfj—‘ Ag’?j+A5A7 — A Ag)(AsAg — AsAy)
The frequency equation can be generated from the three

boundary conditions prescribed at the edge x = 1(r = a). For the
clamped edge condition

U=V=W=0 at x=1 (13)

Use of Egs. (9) and (12), along with the abovementioned
conditions yields the following determinantal equation

JolAy) Io(2,) Io(43)
flyofwe) =1 —Z A J (4) Zy4,15(4,)  Z3A30,(45) |=0
—pidd () PaAdi(d)  padali(ds)

(14)
The presence of modified Bessel functions in place of Bessel
functions are due to the fact that two roots 1,2 and 4;° of the
characteristic Eq. (10) are negative quantities for the prescribed
values of the geometric and elastic parameters of the sandwich
plate.

Results and Conclusion

Numerical results for clamped edge circular plates have been
presented in this Note. The results for other boundary conditions
can be generated without difficulty. In the case of plates having
concentric hole at the center, the solution given in Egs. (9) should
be written in terms of Bessel function of the second kind with
three more arbitrary constants. These additional constants are
evaluated with the help of extra conditions at the inner boundary.

The natural frequencies for different modes are obtained from
the frequency Eq. (14). As a result of highly transcendental
nature of this equation, the roots cannot be obtained in a closed
form. Numerical computations have been performed on a high-
speed digital computer for a sandwich plate made of aluminum
face sheets and aluminum honeycomb as the core material for
which v =03, r, = 1/26.7, 7, = 1/1680.

The dimenstonless frequency parameter w/w,, is represented in
Fig. 2 as a function of h/a and for three different values of
c¢/a. It is interesting to note the effect of ¢/a on the frequency. For
very thin face sheets, as c/a increases the frequency parameter
increases. This variation in w/w, values for various ¢/a and a
constant h/a gradually becomes smaller for thicker face sheets.
This is because for thin face sheets, bending plays a minor role
while in the case of thick face sheets flexure is significant. As
mentioned earlier in this Note, it is assumed that the core takes
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only transverse shear and in the analysis the flexural rigidities
of the face sheets about their own midplanes have been included.

Results for w/m, were again computed by omitting the effect
of the rotary inertia from the governing differential equations.
These results can be generated by redefining the four coefficients
A, Ag, Ag, and A, in Egs. (7) and then computing the roots of
Eq. (14) again. For lower frequencies, the values obtained for
m/w, by dropping the rotary inertia terms and the corresponding
values shown in Fig. 2 are essentially the same. This conclusion
is in agreement with the one for rectangular sandwich plates®
and for homogeneous circular plates.! Rotary inertia terms
would, however, play significant role for higher modes.

Figure 3 shows modal shapes for first three modes for which
the frequency distribution is given in Fig. 2.
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Dependence of Plate-Bending Finite
Element Deflections and Eigenvalues
on Poisson’s Ratio

R. NARAYANASWAME*
NASA Langley Research Center, Hampton, Va.

OR uniform plates subjected only to a normal load and

having boundaries consisting entirely of segments that are
either a) clamped or b) simply supported and straight, the
differential equations and boundary conditions depend on
Poisson’s ratio (v) only indirectly (through the plate rigidity D).
Hence, exact solutions for displacements and natural frequencies
depend on Poisson’s ratio only through D.! Cowper et al.” prove
that finite element deflections and natural frequencies with
conforming elements also depend on v only through D. For
nonconforming elements, however, the finite element approxi-
mations depend directly on v even for the aforementioned class
of problems of plate bending. No data are presently available
in the literature on the extent of this dependence.

To study the effect of direct dependence on Poisson’s ratio in
the finite element approximations using nonconforming
elements, numerical experiments were conducted on the static
and free vibration analyses of a square plate with clamped and
simply supported edges (see Fig. 1). Because of symmetry on the
x- and y-axes, only one-quarter of the plate (shaded portion in
Fig. 1a) is analyzed. The “P” and “Q” arrangements of mesh
idealizations of the shaded one-quarter of plate are shown in
Figs. 1b and 1c. Two problems of static analysis, viz,, central
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Fig. 1 Finite element idealization of square plate.

concentrated load P and uniformly distributed load g on clamped
square plate and one problem of free vibration analysis of
simply supported square plate are worked out. The noncon-
forming triangular element of Narayanaswami®* was used in
the study. This noncompatible element has 18 degrees of freedom
involving lateral displacement w and the two rotations, o and §,
at the three corners and the three midside points. The inter-
polation function used is a quintic polynomial in x and y. Six
values of Poisson’s ratio were considered in the static analysis,
viz., 0.0, 0.10, 0.20, 0.30, 0.40, and 0.495; and two values, viz,
0.0 and 0.3 in the free vibration analysis.
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Fig. 2 Effect of Poisson’s Ratio on nonconforming quintic Element.



